In this paper, we propose Probabilistic discrete-time Projection Temporal Logic (PrPTL), which extends Projection Temporal Logic (PTL) with probability. To this end, some useful formulas are derived and some logic laws are given. Further, we define Time Normal Form (TNF) for PrPTL as the standard form and prove that any PrPTL formulas can be rewritten to TNF. According to the TNF, we construct the time normal form graph which can be used for the probabilistic model checking on PrPTL.
Introduction
In real-life systems, there are many phenomena that can be modeled by considering their stochastic characteristics. For this purpose, probabilistic model checking is proposed as a formal verification technique for the analysis of stochastic systems. The probabilistic model checking problem is to compute the probability for the set of paths in the model that satisfy a given property, which is based on quantitative logics and quantitative systems [6] . Properties to be analysed by probabilistic model checking can be formalized in some quantitative temporal logics such as probabilistic computation tree logic (PCTL) [1] and continuous stochastic logic (CSL) [2] . This paper investigates a new quantitative temporal logic, called Probabilistic discrete-time Projection Temporal Logic (PrPTL), which extends projection temporal logic (PTL) [3, 4, 5] with probability and discrete time.
Linear-time property is a set of infinite paths. We can use linear-time temporal logic (LTL) to express a subset of ω-regular properties. However, PTL can specify more linear-time properties since the chop star ( * ) and projection operators in PTL are equivalent to the full ω-regular languages. To investigate the probabilistic model checking based on PTL, we propose PrPTL that can be used to specify quantitative linear-time properties. Further, we give the logic laws and derived formulas and prove that any PrPTL formulas can be reduced to a standard form called time normal form (TNF). In addition, according to the TNF, the model of PrPTL can be constructed, which is a basis for probabilistic model checking on PrPTL.
Projection Temporal Logic
Let AP be a finite set of atomic propositions. Propositional PTL formulas over AP can be defined as follows:
where π ∈ AP , Q, Q 1 , . . . , Q n are propositional PTL formulas, (next) and prj (projection) are basic temporal operators. A formula is called a state formula if it does not contain any temporal operators, i.e., next ( ), projection ( prj ); otherwise it is a temporal formula.
An interval σ = s 0 , s 1 , . . . is a non-empty sequence of states, where s i (i ≥ 0) is a state mapping from AP to B = {true, f alse}. The length, |σ|, of σ is ω if σ is infinite, and the number of states minus 1 if σ is finite.
Let N 0 denote non-negative integers. An interpretation for a propositional PTL formula is a tuple I = (σ, i, j), where σ is an interval, i is an integer, and j is an integer or ω such that i ≤ j (i, j ∈ N 0 ). Intuitively, (σ, i, j) means that a formula is interpreted over a subinterval σ (i,..,j) . The satisfaction relation (|=) between interpretation I and formula Q is inductively defined as follows.
I |= ¬Q
iff I Q 3. I |= Q 1 ∧ Q 2 iff I |= Q 1 and I |= Q 2 4. I |= Q iff k < j and (σ, i, k + 1, j) |= Q 5. I |= (Q 1 , . . . , Q m ) prj Q iff there are k = r 0 ≤ r 1 ≤ . . . ≤ r m ≤ j such that (σ, i, r 0 , r 1 ) |= Q 1 and (σ, r l−1 , r l−1 , r l ) |= Q l for all 1 < l ≤ m and (σ ′ , 0, 0, |σ ′ |) |= Q for σ ′ given by : (a) r m < j and σ ′ = σ ↓ (r 0 , . . . , r m ) · σ (rm+1,..,j) (b) r m = j and σ ′ = σ ↓ (r 0 , . . . , r h ) for some 0 ≤ h ≤ m.
A Probabilistic Variant for PTL
Probabilistic discrete-time Projection Temporal Logic (PrPTL) is a quantitative variant of PTL. Based on the projection operator (Q1, . . . , Q m ) prj Q, we can define the sequential operator P ; Q as P ; Q def = (P, Q) prj true which means that P holds from now until some point in future and from that time point Q holds. For simplicity, we will employ sequential operator P ; Q instead of the projection operator to define PrPTL.
Syntax and Semantics
Definition 1 The formulas in PrPTL are inductively defined as follows.
where π is an atomic proposition, and ; are temporal operators, p ∈ [0, 1] is a probability, ∈ {<, ≤, ≥, >},
[t1,t2] P 2 iff ∃ r ≤ |σ| such that (σ, i, r) |= P 1 and ∃ l, t 1 ≤ l ≤ t 2 , r+ l ≤ |σ| such that (σ, r + l, |σ|) |= P 2 6. (σ, i, |σ|) |= ψ iff Prob(σ (i..|σ|) , P ) p As usual, true def = P ∨ ¬P . If there is an interpretation I such that I |= P then a formula P is satisfiable. We also define the satisfaction relation for an interval σ and formula P , by stating that σ |= P if (σ, 0, |σ|) |= P . Furthermore, we denote |= P if σ |= P , for all intervals σ.
For t 1 = t 2 = t, we abbreviate [t, t] as [t]. Particularly, when t 1 = t 2 = 0,
[0] P denotes P and P 1 ;
[0] P 2 denotes P 1 ; P 2 . Except the projection operator, all the basic formulas in propositional PTL can be defined in PrPTL.
Definition 2 Two formulas, P and Q, are equivalent, denoted P ≡ Q, if |= (P ↔ Q).
Compared with the probabilistic computation tree logic (PCTL) [1] , our logic can express more quantitative properties. Let p and q be atomic propositions. Note that p U ≤3 q in PCTL can be defined as q ∨ ( ≤2 p ; q) in PrPTL.
Time Normal Form
We now give a standard form, called Time normal form, for PrPTL.
Definition 3 Let P be a PrPTL formula. Time normal form (TNF) of P can be defined as
where k + h ≥ 1, t 2 ≥ t 1 ≥ 1, P ei and P cj are true or atomic propositions.
For convenience, we abbreviate
as .
Thus, TNF can be written as
Lemma 1 Let P , Q and R be PrPTL formulas and w a state formula. The following laws hold:
Theorem 2 For any formula P in TNF, it can be rewritten into CTNF.
Theorem 3 For any PrPTL formula P there is a PrPTL formula Q in TNF such that P ≡ Q Example 1 Let P , Q and R be atomic propositions. The time normal form for formulas P and P ; [3, 4] Q are reduced as follows.
1. TNF of P :
2. TNF of P ; [3, 4] Q: P ; [3, 4] Q ≡ ((P ∧ ε) ∨ (P ∧ true)); [3, 4] Q ≡ ((P ∧ ε); [3, 4] Q) ∨ ((P ∧ true); [3, 4] Q)
≡ (P ∧ [3, 4] Q) ∨ (P ∧ (true; [3, 4] Q))
Time Normal Form Graph
It is proved that any PrPTL formula P can be rewritten into TNF. Based on TNF, we now construct a model called Time Normal Form Graph (TNFG) for PrPTL. Tuple (Q, T ) denotes that holding formula Q for time T . When T = 0, we often omit the time, and write (Q, 0) as Q.
Definition 5 For PrPTL formula P , let V (P ) be a set of nodes and E(P ) be a set of edges. Graph G = (V (P ), E(P )) is defined as follows.
• P ∈ V (P );
Definition 6 TNFG of P is a directed graph G ′ = (G, P), where P: E(P ) → [0, 1] is a probability.
Example 2 Let P and Q be atomic propositions. TNFG of formulas P , P ; [4, 5] Q and [P ] =0.5 are shown as follows.
P ; [4, 5] Q:
P ; [4, 5] Q P P Q true true true; [3, 4] Q (Q, [3, 4] 
Conclusion
This paper presents a probabilistic variant of projection temporal logic, PrPTL. The time normal form is defined and some logic laws are given. Then TNFG for capturing the models of PrPTL formulas is constructed. In the near future, we will extend the existing model checker for propositional PTL with probability, and according to the TNFG proposed in this paper to verify the quantitative linear-time properties in probabilistic systems.
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